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This paper is part of a survey report on nonlinear elasticity theory to the Third All~Union
Congress on Theoretical and Applied Mechanics in January 1968, The paper starts with
an exposition (Sects, 1- 3) of deformation geometry in which representations describing
its tensors in terms of their (co- or contravariant) components are avoided, Such a
method of describing the phenomena in terms of the quantities (vectors, tensors) giving
them directly is conserved throughout the paper, A nonsymmetric Piola tensor is emr
ployed to give the state of stress (Sect, 4), and this permits referral of the statics equa-
tion and the boundary conditions to the geometry of the initial state of the medium,
The specific potential strain energy (Sect, 5) is represented by a function of the invari~
ants expressed in terms of the principal relative elongations ; moreover, it is given in the
simplest form which reduces to the classical form of linear elasticity theory upon iden-
tification of the relative elongations with the diagonal components of the linear strain
tensor, John [1}called a material described by such an assignment of the specific poten-
tial strain energy "harmonic” since the solution of its plane problems reduces to a (non-
linear) boundary value problem of harmonic function theory, We utilize the designation
"semilinear” below ; this can be justified by the fact that the equilibrium differential
equations in displacements are linear for such a material in an extensive class of prob-
lems, and the nonlinearity is disclosed in the boundary condition,

The solution of problems for a semilinear material is elementary for the simplest
equilibrium states characterized by symmetry of the gradient tensors (Sect, 6), The
problem of calculating "second order effects” is examined in Sect, 7, a derivation is
given of the "second approximation" equation, an example of rod torsion (the evaluation
of the elongation under twist) is investigated, Differential equations of equilibrium mode
bifurcation are presented in Sect, 8, and are simplified in Sect, 9 under the assumption
that the original equilibrium mode will be "simplest” in the mentioned sense, Sensenig
[2] gave these equations in another mode of writing, In the particular case when the
original equilibrium mode is a homogeneous strain (Sect, 10), we arrive at a system of
equations obtained from other (not entirely correct) reasoning of Southwell [3];a more
general representation is given of the solution of this system which is utilized in the
problem of bifurcation of the equilibrium of a compressed rod in Sects, 11 and 12, The
bifurcation of the equilibrium of a hollow sphere under radially symmetric strain is con-
sidered in Sect, 13,

Notation, Material coordinates of points of the medium are denoted by ¢*, their
Cartesian coordinates in the initial state of the medium (¢ is the volume bounded by a
surface o) by a,, in the final state (V the volume, and O the surface) by z, = @, + s
under the transformation ¢ — V the radius vector r = i,a, becomes R = i;zy = r + u.

A vector basis r, = dr/d¢* is introduced in the r--volume, and the matrix of the cova-
riant components &k = F,-ry of the metric tensor g is defined, where g = lgex| 1is
its determinant, Contravariant components of this tensor are given by the inverse matrix
| g || so that gk gxt = g is the Kronecker symbol, The reciprocal vector basis in the
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Theory of elasticity for a semilinear material 1069

»-volume is formed by the triple of vectors
=g, =g’ rarf=g"
The same notation, but in capital letters (R,, R?, G, = R, Ry, G = | G,; |, etc,) is
used in the V-volume,

The unit (metric) tensor E = i,i, is represented in the vector bases of the » and V-

volumes as E=g=g%rr,=g.rrf=r'r,= e’

E == G = G*R,R; = G,,R’R* = R°R, = R,R*

Operations in the bases of the V-volume are noted by a prime, The nabla operators in
the » and V-volumes are represented, respectively, by the symbolic vectors

—r2 —r2
V—"'aq.. V_R aql

The operation of transposition of a second-rank tensor is indicated by the index T.
The density of the medium in the » and V yolumes is denoted by po, p and a volume
element by dv, dt, respectively ; according to the law of mass conservation pe dvs =pdt.

1, Gradients,Strain measurements, Under the transformation » - V
dr =rd¢®* =e|dr|=eds » dR = R,d¢* = ¢ |dR'| = €'dS
and taking into account that dg¢*® == r*-dr = R$-dR, we have

dR = R,r*.dr = dr-r*R, = \VR".dr = dr- VR 4.0
dr =r,R%dR =dR-R’,; = Vr7-dR =dR-/'r

where the tensor-gradients and the transposed gradients
VR =r'R,, Vr=R", YR'=R,r" v =r,R’ 1.2
have been introduced,
These. are mutually inverse tensors

VR.Yr=E, VR’ =E (1.3)

Returning to (1, 1) we have

€'dS$ = e-\JRds = VR -eds, eds =¢ -\JrdS = \Jr’-e'dS (1.4)
so that

dSs* =e-VR-VR7.eds? = e-G*-vds?, dst=¢-\/1-\/1T-¢dSt=¢-g*-eds?t (1.5)
The measures of the strain
G*=VR-VRT =Gur'r*, ¢*=V'r-Vr =g, R'R* (1.6)
have been introduced into the consideration,
They are here defined by their covariant components in the vector bases of the # and

V-volumes, which equal the covariant components of the unit tensor (the metric tensors
G, g) in the bases of the V-and »-volumes, The inverse tensors are defined by the equa-

lities G*1=(VR-VR')! = Vr".V'r = C¥n,r;

1.7)
g7 = (Vr-VT' ) = VR". VR =g"R,R;
According to (1. 5),(1.4) we have
dS =ds (e-G*-e) ", ds =dS (e-g"-e)'/'
o eeVR  UR’-e e.Yr vr'ee )

= (e-G*-¢)"* ~ (e-G*-e)s ° e= (e-g*-e)h =(e'.gx..')"-
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Defining the temsor G*by giving its principal values G, and the orthogonal trihedron
of the principal directions e,, we have
G = N Gece,, Gl D)t (1.9)
) L G.

and by means of (1, 8) we find the expressions of the principal relative elongations 8y,
as well as the unit vectorsey’ into which the ex transform under the transformation » — ¥

dS, —ds e R?.
bpm ot =VC—1, -% vy-f‘ (140

and it is easy to verify that the trihedron ey’is orthogonal, This is the trihedron of the
principal directions of the tensors g%, g~ Indeed, we have according to (1, 7)~(1, 10)

2 Gee'ey’ = JR"-¢,6,- YR = YVR"-E. VR = VR"- YR = g1

Thus et

=2 gr=Cee (141)
8

and it is thereby shown that the principal values of the pairs of tensors G*, g*~! and G*,
g* are equal ; however, this follows from the equality of the eigenvalues of the matrices
AB and BA (see (1,6),(1. 7).

The transformation v — ¥ is therefore connected with the rotation of the trihedron
e, — ¢,’; under the inverse transformation €’ —+ €, and according to (1, 8),(1. 11)

& =VGe, Vr=VGVr ¢ (1.12y

But according to (1, 10) we also have
i i
VRee, =—F 7R'.e, == G*-¢,= VG,
s VG. VR-VR".¢, ]"*G. s 28

so that formulas inverse to (1. 10) can be written thus

VR’el % -VR'
@ =" == (1.13)
Ve, V6,
4. Rotation tensors, The tensors
A=Dee,,  AT=Dlee, @4
E ] [ ]

are introduced so that
A-AT= 2 e0y e, = Ze.e.-— E, AT=aA1 @2

The tensor inverse to the transpose isa rotation tensor ; it rotates the trihedron e, into

.8 e, =e,-A=AT.e,, e, =2, AT = A-e, (2.3)
Returning to (1, 10) and introducing the tensors
Gx-/, = 2 ],—G.e,e., GX-) = Z.ifl 2.4
[ ] e (]

the rotation tensors can be represented as
€, e
e.e,—Z 2 WR=GCU.UR, AT=URT.G

@.5)
A=(A7 )“‘— ""'-Vr'. AT=A1=VrG™"

Representations of the gradients as
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VR=G"/.A, YRT=AT.G™r; Vr=AT.G* e =G"d.A (26)
will be a consequence of these formulas,

The relationships
AT G A=g"1, G*=Ag A" g*=A"G 14, G =AguA" @27

are also verified directly,
3, Directed area, Under the transformation » =V
dto =ry-(ryX1s) dgidgidg® = VY gdgidgtdgs
dy = Ry«(Rs X Ro)dgidgtdg® = VY Cdgdg'dg®

Moreover, considering the elementary parallelepiped with edges 8g, directed along the
principal axes ey of the tensor G*,we have according to (1, 10)

dty = 8855853 — dv = V G1G1Gabesbs85; = ¥ GiGrlrivs
dv/dty= VG/;.—.-V(T;G s 3.1)

In the elementary tetrahedron 0A4,4,4, with edges 0?. = eyds; directed along the
same axes, the normal vector ndo Of the area 41444y directed out of the tetrahedron is

Thus

20d0 = e; X exderBsy + eaXeBesbsy + €1 X exb01bsy = dre D) %—
k

Under the transformation » — ¥V, this vector is represented as (see (3, 1), (1, 10))

e’ G\'h e ( G )’h r.o*1, §V_%
2NdO= dx 2 E =dT, ('—) YR’ 2 Cioer dve 7 VR*.G Zt 5o
k

g
We then arrive at the relationship used repeatedly later (see (1, 7), (1. 3))
NdO=V G /gVRT-G l.ndo= VG /gV'r-ndo= YG/gn-Vr'do (3.2)

We thence also have
L) 1,
—:og = (—g— n.V'r’-V'r-n)h = (ig- n~G”-l-n) f (3.3)
4. Stress tensor, The symmetric second-rank tensor T = T7 given in the volume
V is a stress tensor if its product by the vector NdO of the directed area determines the
force FdO acting on this area,
According to this definition, we have by referring to (3, 2)

FdO = N-TdO= ¥V G /egn-\Vr"-Tdo 4.1

and this relationship indicates the expediency of introducing a nonsymmetric tensor D ,
the Piola stress tensor (1831)

D= VGjegvr T, DT = VG /¢T-\Ir (4.2)
Thus
FdO = n-Ddo, FVG/g(m-G1.n)”*=n-D (4.3)

Referring to (2. 6), we have
D-AT =— max(_lh).A.T_Ar' A-DT= I[G_'/gA.T,AT,G"(-’/l) (4.4)
It is known that the tensors  and g*(in an isotropic medium) are coaxial (e’ is the
trihedron of their principal directions) ; hence, the "rotated stress tensor” A«T-AT is co-
axial with G*, which means that the right sides of (4, 4) are equal ; the symmetry of the
tensor D-AT hence follows
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D AT = ADT = (D.AT)7
The condition for the principal vector of the forces acting on a volume V, bounded by
the surface Osseparated arbitrarily out of the volume V into which the r,-volume (boun-
ded by the surface o,) is transformed by v — V , to vanish is written as

(fra-+ [onse = o + ko

L4 . *
We arrive at the necessary equilibrium condition
SSS (V- D+pK) dry==0, or VD +pK=0 (4.5)

e
where K is the mass force vector, The condition for the principal moment of the forces
FdO, pK to vanish finally reduces to the requirement that the tensor T be symmetric,
5, Equation of state, Referring to(2.5),(2.6), we represent (4, 4) as
D-AT= VG /¢Tr - T-Vr-G/t (5.1)
It is moreover known that the variation in specific potential strain energy of an elastic
solid is represented as the trace, the semiproduct of the stress energy tensor Q = 'r”
*T+’r and the tensor 3> —
SW=1 VG/gVr-T-Vr--8G* (5.2)

Hence, it is expressed in terms of the Piola tensor as
S =1/,D-AT.G*"")..8G% = D AT. IHG "D . §G*

or xt:
SW == D-AT-.6G * (5.3)
This energy is later considered as a function of three invariants of the state of strain
a=b+8*+&" (k=1,2,3) 5.4)

where 8, are the principal relative elongations (see (1, 10)), We obtain
a=h©G =3, u=(Ve—1p+(VE— 1+ (VG—1p="hL(G-2hG"")+3
a=(VG — 1P+ (VG — 1P+ (VG—1P=h (G")—3L(G) +3h (G"")—3

where I, (Q) is the first invariant of the tensor Q. We herice find

. 3"' oW aw aw oW aw ,
8 = 6*1 + For 82+ 5o T Osy = (7;;—-2 352 +3 G5 353 )6'1 G+
ow 6“’
+(~5;; S )81 (6% + S 81 6™ (53)

We now represent the symmetric tensor D-AT by the quadratic form of the tensor >V«
D-AT = aE  bG™ 4 G
The scalar multipliers are here functions of the invariants sx: we have
E--86<" = 1 (66" =8I (G
G 867" = I, (G "-8G™"") =811 (G¥)
G-+ 8G™"1 = Iy (G*-8G™"") =/s81 (G™")
and according to (5. 3), (5. 5),(2. 6) we arrive at the equation of state

aw aw oW aw 3"’) . 5.6
D=(—5~;‘-—2 ETR B 78 ) 4—2(?!—2'——3 ) VR + 3 a G VR (5.8

which connects the stress with quantities defined by deformations of the s~volume into
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the V-volume, John proposed the expression of the specific potential energy as
W=y Ae® 4 psy (5.7)

which agrees outwardly with the way it is given in linear elasticity theory when =, s.
are the first invariants of the linear strain tensor & and its square. A material subject to
this law is called by John [1] "harmonic" material, Here it is called "semilinear”,

According to the above D=y —20)A+ VR (5.8)

and substituted into (4, 5) results in an analog to the "equilibrium equations in displace-

ments” (0m—2p)7-A +3.AT-Un + 20VPR + K =0 5.9
Upon assigning the surface forces F .the boundary condition (4, 3) is written as

F ;:l = (Asy—2p)n-A + 2pn-VR (5.10)

Written thus it presumes knowledge of the shape of the body boundary (the vector n)
in the initial state, and the equilibrium equations (5, 8) are referred to the vector basis
of the same state, This is the advantage of using the Piola tensor, To apply the equation
of state (5, 6), or particularly (5, 7), the expressions of the principal values and principal
directions of the tensor G* by means of assigning the point transformation » —» ¥ must be
known,

It should here be recalled that the process of solving nonlinear elasticity theory prob-
lems reduces, as a rule, to assigning the pcint transformation » — ¥ and then seeking the
distribution of the surface forces assuring maintenance of this strain state of the solid.

In all cases which result without exception in closed solutions, the transformation is given
in simplest form when rotation of the principal axes is either absent (A = E) or retains

a constant value over the whole solid (A is a constant tensor), Illustrations are; axisym-
metric strain of a circular cylinder, radially symmetric strain of the sphere, triaxial uni-
form tension (A = E), affine transformation, and in particular, simple shear strain (A is a
constant tensor), It must be added that closed solutions are usually obtained successfully
only for an incompressible Mooney material,

Under the listed assumptions, the differential equations for a "harmonic” material turn
out to be linear, and the nonlinearity of the problem is produced by the boundary condi-
tions.

8. Conservation of principal directions, This will hold if the tensor-

gradients are symmetric VR = VR’, Vr=vr (6.1)
Then according to (1. 6),(2.6),(2.1)
VR=SRT=G", A=E, e=¢ (6.2)
v

For example, the vectors ¢, (¢,’) coincide with the unit basis vectors of an orthogonal
(cylindrical, spherical) coordinate system in the axisymmetric strain of a circular cylin-
der and radially symmetric strain of a sphere, We now have

a=nG") ~3=1L(VR)—3=0=V-u
and Egs, (5, 8),(5.9) are represented as 40
(M +20) Vu+pK =0, AaV-u+2pn-Vu=Fo (63)
since Vu= Vu’, Y%u = YV u according to (6.1). Under such conditions these equa-
tions are the simplest particular form of the elasticity theory equations in displacements;
only the right side of the boundary condition is nonlinear, In the absence of mass forces
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u is a harmonic vector, An illustration is the vector

C 1 C
u=CR+ s R=CGR— GV F = (C;R—i- 7‘,1) er (64)
governing the radially symmetric strain, in which the surface of any sphere of radius R
becomes a sphere of radius f(R) = (€1 + 1) R + C,/R? (6.5)

This strain is realizable under the effect of uniformly distributed pressures p;, po on
the inner (R = R,) and outer (R = R,) surfaces of the sphere
. p 90 1% (Ro) do {2 (Ry)
R=Ru.l"-dj.-=—p¢en—§.—,—, R=R;:Fﬁ=p;ea-—3?-

The constants €y, Cy are determined by means of the boundary conditions (6. 3), We

E R
have Va=GE+a(m—3). V=3 (©.6)

] 4 12 (R
—h Ry =@+ G- F G n 1(i.=" = (3h + 2p) c,—-},%c.
For p1 = 0, po = p for example (external pressure)

. @Bh4+2u)(1 —%)C, Ry \3
P= TG+ T+ %G G F 200/ "=(?.‘) )
and C, is the root of this quadratic equation (greater than —1),

(6.7)

7, Second order effects, The measure of the strain (1.6) is represented as
G*=VR-VR" = (E + Vu)-(E+ Vu") =E + 2¢ + Vu-Vu’
where & is the linear strain tensor, and the tensors Vu, Ju’' are representable by their
partitions into symmetric (8) and skew-symmetric (Q) parts
e=1(Vu+Wu), Vu=e—0, Auv'=t¢+0
where the tensor Q can be expressed in terms of the linear rotation vector @

Q=Exo=0oxE, o=,/ xu

Hence
G*=E+424e—0fe-Q— Qee

and moreover, by retaining just the component of second degree in derivatives of the
vector u GNr=E4e—1(t—eQ4Q-¢)
G —E—e+ o3+, (B—E-e+Q-¢)
Hence, to the same accuracy as in (2, 5), we have
a=1G"—3=5LE)—% @ R—e Q52 -g=0+00 (7.1)
A=G "I GR=G""N . (E+e—Q=E—Q+ (@ +e-Q+Q¢) (7.2)
and, according to (5. 8), we arrive at the following representation of the Piola tensor
D = AOE 4 2ue — (AOE + 2ue)Q 4+ (A + p)o-0E — powo + p (e-2 — Q-¢)

or otherwise D="T*@) —T*(u) x®+T (u (7.3)

Here T< (u) is the stress tensor of linear elasticity theory, evaluated by means of the
vector 8 according to Hooke's law, T* (u) is an additional symmetric tensor
T® (u) == A0E +2pe, T'(u)= (4 + p)®-0E —pee 4
+p (-2 —Q-8) = 20-0E — pg? + pVu-Vu' (74)
The skew-symmetric part of the tensot D is represented by the tensor — T* (u) X @.
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The equilibrium equations in the volume and on the surface are now written accord-

ing 10 (4.3),(4.5) 8 G.1* (u) 4 @ x V-T* () — [T* (u)-V] x @ + V-T°(@) =0 (7.5)

F %:n-'f’ (w) 4+ o x [n-T* (u)] 4 n-T*(u) (7.6)

(volume forces are assumed absent),
Now assuming u = v + W, we determine the vector v as the solution of the linear
problem d0O
V:-T*(v)=0, 0-T°(V)=F 7z = F* 1.0
Here F° is the surface force referred to unit area of the surface o bounding the volume
v, The problem has a solution since the external forces are assumed statically equiva-
lent to zero in the sequence of equilibrium states in the transition from the volume »

to the volume V
vorum SS FdO = SS Fodo =0, KS R x FdO = SS: x F*do =0 (7.8)
[¢] [} 'i) [

The vector w defining the desired "second order effect”, is given, according to (7, 5),
(7.6), by the solution of the problem of linear theory

V-T® (W) + k=0, n-T*(w)="{ (7.9)
with the "volume and surface forces"
k=—[T*(v)Vixe+V-T (v), f=—w@xF°—n-T*(v) (7.10)

where Egs, (7, 7) are taken into account,
The problem has a solution if the principal vector and principal moment are zero

SOS fdo + S'SS kdt, =0, S,Sr x fdo + SSS r x kdto=0 (749

Compliance with the first condition is easily verified, This follows from the identities
already utilized earlier

0x(0-T*) =—n(T* x w), V(T°x@)=—0xV-T°+(T*-V) x e (7.12)
which are valid for the symmetric tensor T°. Hence, referring to (7, 7),(7. 10), we have

S,Sm - SSS (VT x @) =¥ Thin = SSS[(T"V) X @—7-T*) dte = “Sgskdro

4 v

d.e.d, The situation with the second condition in (7, 11) is different, It is here necessary
to refer to the relationship

&S,Xn.QdOZ_ SSS @xndo=— [ - @xman=

- e x e

v
where the last member drops out if Q is a symmetric tensor, As applied to the vector
f we have Q=T*(V) x@—T* (v) (7.13)

and referring to (7, 10), (7. 12), we arrive at the condition

S',Sr x fd0 + SSSr x kdry = S§Si'xli"(Tx‘°)]dfo=0

The vector under the integral sign can be represented in the invariant form
L x[i,(T°xe)=0-T° — e/ (T
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so that the second condition of (7.11) will result in the requirement

SSS (@-T° (v)—el, (T*))dvo, =0 (7.15)
Ty
Let us note that the vector @ is determined by the solution of the linear boundary
value problem (7, 7) to the accuracy of an additive constant vector @o so that
© = @' -+ oy, where @’ (0, 0, 0) = 0,say, The vector & can be subjected to the condi-

tion - SSS [T® (v) — EJ; (T° (v))] dro = vb, = — -%— SSS [0 -T* — &'l (T*)] dv,

in which b is a vector evaluated by the solution of the linear problem (7,7). We have
arrived at a system of linear equations for the unknown vector ese

1
Wor (er - (’6,-(1) = by, Crq= T SSS trqodto. c=(n + C22 + s
v

for which the coefficients on the left side are the mean values of the components of the
tensor T® (v) expressed in terms of the surface forces, but their determination does not
require the solution o the boundary value problem (7, 7)., The determinant of this sys-
tem should be nonzero A=]cpqg—byq| #0 (7.15)

and when this condition is not satisfied (for A = 0) the boundary value problem (7, 9)
also cannot have a solution, Taking account of the nonlinearity effect is not achieved
by inserting the correction w into the solution of the linear problem,

Seeking the vector w is certainly made difficult by the complexity of the assignment
(7. 10) of the volume and surface forces in the boundary value problem (7. 9). Applica-
tion of the reciprocity theorem permits the determination of the mean values of the
strains determined by the vector w in terms of these forces; thus taking account of the
nonlinearity effect can be satisfied for the calculation of the integral effects, the chan~
ges in length, volume, etc,, when the need to take account of the influence of nonli-
nearity on the stress distribution is removed to the second stage, The calculation dicta-
ted by the reciprocity theorem is simplified somewhat because of the special structure
of the vectors k, f. Application of this theorem results in the relationship

r:v—zv @B (W) 128 (W) = 2;1, (Sggbe’-rdro + SSr-e'.rdo) (7.16)

in which e’ is some constant symmetric tensor, €,, (w) is the mean value of the strain

tensor & (w) relative to the volume » , and the ¢’, @,,(w) denote the first invariants

of the tensors e’, e (w), and &’--g,, (w) the first invariant of their products; r = i,a,.
Referring to (7, 13), (7. 12), (7. 10) we have

SS f-e -rdo = —SS[«» X (0-T°) - 0-T*(v)] &' -rdo =

¢ [4

=SS n: (T° xe@—T*)-¢.rdo = SSn-Q-E'-rdo:SSS (V:Q)-€ rdty +

o 10 v

ann Qtes € = — SSS k-e-rdro - #'-- SSS Qdt,

- |

and its substitution into (7. 16) results in the desired relationship

i

1
itv_ﬂ 49, (@)+ ¢ [em — pv SSS (T°xo0—T°) dto] =0 (7.147)
v



Theory of elasticity for a semilinear material 1077

Putting successively &' = E, &' = ki, &’ = i; iy -} i, i), we arrive at the expressions

{—2
9, (W)= — m SSS I (T* (v)) dve (7.18)
»

|
=5 O 0+ (o 1 = 5 (100 ) — 1wt ) 00— 0 1000 1199

1
2[eg, W, = '2';“; SSS (122® (v) — t,* {v))os — t:® (v) 05 + 43:° (V) 0y — 2t° (v)} dv, (7‘20)
v
It is easy to verify that the integrand in (7, 20) is symmetric relative to the subscripts
1,2 by replacing t,,° ©, by their expressions in terms of derivatives of the displacement
vector,
Example, Torsion of a rod. The solution is well known in a linear approxi-

mation T} = —0ay0,, Uy = @.ayay, by = G (ay, ay)
where @ is a harmonic function determined by the solution of the Neumann problem
V=0, —g%— = Mo — na

The nonzero stresses
o= (22 _, tn = pa (22 1,
n — pa da; 2 |, 27 - == pa day ;1
in the expressions for the components of the linear rotation vector are written as
Al Al
201===¢(T£; —ai), 203 = —u -;;,;-Hz . Wy=1ay
Let us verify compliance with the criterion (7, 14), We have

Ssgho-'l" (V)— oL (T%)]do=— M’SS(“;% +a3§£)do=

== pal [ZSSquio ——§)(p(a,n;+a,n,)ds] =§Q %dc=0
P

since @ is single-valued in S. Here, we used the expression of the integral of a harmo-
nic function ¥ (a;, &) in a domain which is used in the problem of the center of stiffness,
in terms of its contour value and the smoothness

2SS‘P(¢,, ag)do-—@‘P(nm;-{-n,a,)ds:@?%dx
r r

According to (7,4} and (7, 18) we have
L (T*) = (3% 4 2p) (0® + 0° + osY), 15" = hog
¥
1 —2v

O (W)= — W‘*‘_V) (3% + 2p) Sda.S§ (012 + 0.2 4 w?) do
/]

and upon substitution for [ey (W)l,, in (7. 19), the quantity @, .cancels, We obtain

2v

1
(e} == '215 [‘1:'2—\, SSS(M‘ + w,?) do - 'y SS (tn*w; — tn’wy) 60] =

ol

=Ta=m [(3v —1) SS (V@)do + (1 — v) SS(“*’ +ay do +

+2vS§(¢, -g-:— ia;-%%)d’o]
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The integrals herein are expressed in terms of the torsion stiffness of the rod € and the
polar moment of inertia I of the area

S§(Vq:)’do = S}(a, % —ay -g‘%-) do=1I,—C: I,= g(np +a,?) do

The change in rod length turns out to be lat
Af—mw(l —C)v4+C(1—v))

and since J, > € (the equality is for a circular rod), it is positive for a material given
by the specific potential energy (5. 7), the rod elongates under torsion,

8, Superposition of a small strain upon a finite strain, Three
states of a medium are examined : the natural (v), the stressed (¥°)and the stressed (V)
produced by communicating a displacement field given by the vector nw

R=R*®+qw (8.1)

to points of the medium in the state V°,

The notation used earlier (R, D, A, etc,) is retained for quantities in the V-state,
their values in V® are distinguished by the small zero superscript on the right, The differ~
ences ("perturbations”), evaluated by keeping the first power of the smallness parameter
1 , are represented as the product of this parameter by a quantity denoted with a dot

head . R
overnea R=R°1 qR, D=D°+nD, A=A*+yA etc.

Evidently R = w, and the quantities with the dot are differential operators on the vec-
tor w. They can be difined as derivatives of quantities in the V-state with respect to 4
at =0 - aD) . <6A)

D= (T'I et A= an etc,

In conformity with the definition (1, 6)

¥ = YwW-VR*T 4 VR*-Uw'

The principal values G,° of the tensors G*° and g 10 and their principal directions

e, e,'° (see (1, 9)) are assumed known, To construct
A= Ce, " + e,%, (8.2)

expressions must be formed for the vectors e, 6, in passing, the quantities G, will also
be found, These vectors are orthogonal to e,°, ¢,°" since
e, =1, ey ey =1, 650€,° =10 e =0 (8.3
By the definition of the principal values and principal directions of the tensor
Gx-(‘g—cs(‘s =0, G‘°'£‘;“Gs° e.azo's(‘.a-—d"-e." (g=l' 2' 3) (84)
where we also have in the V° volume
Gxo ‘(‘,° — G.oe.o p— 0
Hence, multiplying (8. 4) scalarly by €;° we obtain
(G.*— G;°) €6 = éuﬁn - ek°'é”‘e¢.
so that
- o Ax ° ek G"'e'
Gy=¢e,"-G*-e,°, e 9.—‘0—‘—_—GT' (5 k=1,23; skk) (8.5)
The projections of e, on axes orthogonal to the trihedron e; are defined by the last
equality in combination with (8, 4) ; hence, referring to (8. 1)
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. e‘. d*'?
e = 2

G —=G,° ¢ -2 c°
Analogously we obtain

- (6" (Vw-VR*T + YR*.Yw').¢,

& =2 Cr—C, [P (VW -UR® + UK« Uw).e,%,"]
summation sign} i x
=G

and the expression for the tensor A is written according to (8, 2) as (we discard the
e L7 4

— g [0 (UW-VR*T L UR*-Tw')-e,*
—e* (VR*T-Yw+ Uw’

VW e,°==e,° w-e,*
we arrive after manipulation at
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‘er®]

(8.6)

R.)'ek'.l
Now, referring to (2, 6), (2, 1),(1. 10), (1, 13) and making substitutions of the form
e{“-

x+Vw-e,* oy o
Ver + VG o
Furthermore, according to (8, 5) and (8, 1) we have

—ece)
h(Gc™) = [31(0"‘)] a”?;fg"‘) RN,
s1e=hy = {7 : = | : cy ==
an ! =0 9y k‘f k 1;;.—0 2 .:.J ]. Gk°
i . 1«
=5 2 Yoo ex’-G*.e; =_2"2‘ e, - Uwee° Loy wh -e.%)
% ¥V Cx K
so that
=Z e’ -Vw-ey
and now according 0 (5 9) ¥
A8 ° —-p.

(8.8)
D= Ver —vee e Wy ° (,%, 0 — €,%¢, %) + LA%e - VW-e* + 2uTwW  (8.9)
The equilibrium equations in the volume (in the absence of mass forces) and on the
surface are written as .y =0 in »;

(FAO) =n-Ddo on o
In the particular case when the surface force F is a constant pressure p, which remains
normal to the surface O, we have by (3,2),(1,2)

/...—_

(8.1v)
F=—pN,  (NdO) =(V GJg R¥ n,do
and from the relationship e Tw-e
(Vi) = VG°/gz, £ =R RR
we obtain z o »
© e’ Uwe "
=— R°* — R°*.— R*! 8.
VE [Zx VT - ]n. 3.11)
8, Conservation of the principal directions, In thiscase Sect,6),
Egs, (8, 9)~(8, 11) simplify considerably, The tensor ¥ w is represented by its partition
into symmetric and antisymmetric parts
Vw=e—Q=e¢—EX e

9.1)
where e is the linear strain tensor, @ the linear rotation vector evaluated by means of
the displacement vector w. Also taking account of (6, 1),(6.2), we obtain an equation
reducible to another Sensenig [2] form

k’]' —— 2|.I,
D=2 — —
Ver+Var

(ex* X e, )e;’e,°+- LEV - w 4 2p (e— E X @)

9.2

(8.7)
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But it is easy to verify that
—EXo=—e e,"Xe, 0, =e;%¢," €10, =ei"¢,°" (€,°X06;%)-0
where €y = (€x° X ¢,°)-€,° is the Levi-Civita symbol, This permits writing (9, 2) as

. M,'—Zp 9.3
=T~ (g y e T )Exe ¢

where T (w) is the linear stress tensor evaluated by means of the vector w
T(w) = EAV-w  2pe 94

According to (6. 1),(6.2) and (5, 8), the tensor D°is represented in the volume F* as
D° = (het® — 2p) E + 21 ) VG, e,%,° =ws~r2p2 8,%es%,° (VGp' =1+8,")

9.5)

where 6,° are the principal elongations (see (1, 10)). Tlus permits transformation of the

expressions in (9.2) to

: (V‘*Ls‘ _r_,,p + ) P W o (0 S S e o2

G:° + VGy° 2+6°+6° T2+8H°+8°

where 3, is a component of the tensor D° Now, defining the diagonal tensor C in the

ete,

€,° axes .. 1 9,° 4+ dg° 1 9,°+.0,°
C=20e e G=EITE g TR IR e
1 48,
Cs— 2“ 2+ 619 +6=° (9‘6)
the expression for D can be rewritten in the invariant form
D=T(w)— 2pEX(C-@) 9.7)
Let us note that
2(1 —v)
*V T (w) = »vW + VW == U8 —2UXe (0= VW)
and the equ111bnum equation (8, 10) can be represented as
1—2v
VO~ gy 2VX(C +E)e Vi —2UXB-o =10 (9.8)
where we have introduced the tensor f— oy
B=5a—y C+E 9.9)

Such are the equilibrium equations in displacements for a “semilinear" material when
the initial stresses therein are subject to conditions of conserving the principal directions
(Sect, 6),

10, Homogeneous strain case, Under homogeneous strain
x, =a, (1 +8,°), e, =iy (10.1)

where O,° means the tensors B, C are constant, In this case (9, 8) reduces to the "neutral
equilibrium equations” form of Southwell [3], In these latter the quantities 4,° are iden-
tified with the principal stresses s,° in the volume ¥°; this is untrue, the correct relation-
ships should be written as 14 8,°
%" =" T F o0 + 6500 +6°)
But since it is assurned that the stress tensor T®is connected with the relative elonga-
tions §,° by means of the relationship (9. 5), the Southwell equations are true if the con-

stants €, therein are expressed in terms of 6,°
The general solution of (9, 8) under homogeneous strain can be represented in terms

(s=1,2.3) (10.2)
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of the vector G thus
w=(D¢+D)VV-G—(B:-V) V26 — ¥ X[V X(B-VG)) (10.3)
Here Dy, D,* are differential operators
d
D2 = B1o\* + B.9;* + Byds® = (B-V)-V (a'=35:)
EX X S %

Dt = BleB;( + By = _B—) =B (B".V)-¥ (B = B:1B.By) (10.4)

and the vector G is defined by the differential equation
T4DSAG =0 (10.5)

In particular, under multilateral uniform compression §,° = §°, we will have B = B4E.
Introducing the new vector G* = — B, /? G, we obtain

Wz e BV -G® + T X(VUXG?) == (1 — Bo) VV G*— VIG* {10.6)
where G*is a biharfnonic vector, Here, according to (9, 5), (9. 9)
1 8o
= Bo= g 1= 0 9 7735 (100

For 8p = 0 we return to the known Boussinesq-Galerkin solution,
The solution (10, 3) can be simplified if the vector G is represented as the sum of the
vectors G* and G’ expressed in terms of a scalar and a solenoidal vector
G’ =B1.Ye, VviG"=H, V6" =0. V-H=0

, D . TN
v-G '——-“m—@. TG =0, TX[UX(B-TG)] =0

Then

where the scalar @ is biharmonic according to (10, 5). Its corresponding solution is repre-

sented as ' w = (D + D) VP — (B- V) VO (10.8)
The second solution is determined by means of the vector H
w'=—VUX[VX(B-H)] = F:B-H—YV-(B-H) (10.9)
where the vector H is defined by equations for H
V2DsH =0, V-H=0 (10.10)

11, A compressed rod, A vertical rod is located between two solid, smooth
slabs ; its lateral surface is not loaded, A uniaxial state of stress is produced by a down-
ward vertical shift of the upper slab {ay = L) in the amount of L8;® while the lower slab
{ag=0) is fixed, In this state &;° = 4,° = 0, and according to (9. 5).(9.6)

3,° 1+ v} 8s°
6,°———'- 81 =8, =— v5,*, C;_Co—C—m' Cy=0
so that
B ._1_._1__2!._. B, = B, —
3= -—-tzu_v)v 1 = Dy=13
20189 . 2 —3)
STEEA—We W ST I—([=ws 1-n

A parameter ¢ has been introduced here, where 0 < 5 < 1 since —1 < §8,° <0,
The three boundary conditions on the remaining unloaded lateral surface are repre-

sented as n-D =n-T (W) + 2uC (01— 0} i3 =0 (11.2)

On the rod endfaces
n-D=is D =is-T (w) — 21C (i: — siy) (11.3)
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and the horizontal projections of this force and the vertical displacement on the endfaces

should be taken equal to zero  ..p.;,—0n is-Deip =0 w =0

in seeking the equilibrium mode different from the homogeneous state of strain, but real-
ized by the method described above,
This results in the conditions (u, r, w are projections of the vector w)

du=20, 0o =0, w=0 foray=0,0;=1 (11.4)
which are automatically satisfied if it is assumed that uw, » are proportional to the cosine,

and w to the sine of the argument (sa/L} a,.

We take D =@ (a5, a) cos—’% as

nnt nn
Hy=20¥, Hy=-—238y Hy=0, V*W¥=-3 a;)cos*i:-a.

in the solutions (10, 8)—(10, 10), where the condition that H is a solinoidal vector is satis-
fied, and the functions @y, (@), a,) and 4 (a1, 95) are determined by the differential
equations nin?\? nin?
( R ) (61, a2) = 0, (V;’—cT)% (a1, a3) =0
(Vid=2a:* + 82 {11.5)
Expressions of the displacements (10, 8), (19, 9) are written as

nix? It x
= {[aovli - I (t—o+ acz)] e, + ELT Bg\pn} €os ',2— ay

,,::

22
v {aavlz 55 (1 —6+ acz)] aﬂq;ﬂ ’.L: a,q;n} cos % a3 {11.6)

nn . ax
w = [(1 — g a5} Vil + ag? ——— L’ } L @, sin -Z—a;
and the volume expansion € evaluated therewith is represented by the equality
nin? n:
B =as—z (1 —c)(vx —»-F—/q;ncos 7 g
The boundary conditions (11, 3) reduce to

v n2nt ni? a / 2n?
myT G(l--c) L’ (VJ - IL» )tpﬂ+ I [«c (v 2 RL: )_..

n"t’ .
- {1—a)(1 — 1-‘)-} 9, + 577 ZL’ (37 dzw+'5:0;v)=0
v 2 a 2t
e — o) (V; *i)w,,-r o [:s (V:’~ :L, )—- (1.7

nin? niat /@ 3

o *Tn? 2q2
5;[(6—2:!3-69) (v* —’L]q',,— ",; )‘2."1'_._0

Values of the parameter ¢ in the interval (0, 1) for which the homogeneous boundary
value problem (11, 5),(11,7) has a nontrivial solution, will be bifurcation values, Besides
the original equilibrium mode (w = 0) , nearby modes also exist for such o,

12, Rod of circular cross section [2], Solutions of (11, 5) are sought in
the form ¢ (a4, a;) = R () cos m@, ¢, (a1, a;) = S (¥ 0) sin mB (z = nnr/L)
where R (z), §(z¥ o) are expressed in terms of Bessel functions, and the variable 8 is
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Ul 1(R) ] %r
R=R,: {’v'*‘Po!(R)] Vw4 lZP“PoT] Sr =9
R) \[ % .
22 (R)wy + (Zp — P —LSR-)—)(;@"— - wb):—. 0 (132
duwg / owg \ o
R=R .V -w+ 2 —p =0, g(R)w,‘—{-y(mda —uwy) =0 (13.3)

The condition for the existence of nontrivial solutions of this homogeneous boundary
value problem is determined by the bifurcation values of the pressure po.

The finite solution at the poles of the sphere is sought in the form
dP, (cos B)
T deos®
and utilizing the known properties of Legendre polynomials, we obtain

vp =a,(R)P,(cos®), wy=> (R) sin®

a, b
VW= [a"' +2 F oA+t 7—;’-—] P (cosB)=¢q, (R) P, (cos 9)

, . 8, +b \dP (cos®) ) dP (cos®)
2"’1:(6,. + =z z dﬂcosﬁ sin® =y, (R) “%Wsmﬂ (13.4)

The variables R, 9 are separated in the equilibrium equations (13, 1), whereupon a
system of linear differential equations results
A+ 2) R —Rg(Ryn(n+ 1) yn(R) =0
(A 4+ @ (R) — [Rg(R) 7n (R)) =0
whose general solution is written thus

n nB,_ 72 n B, 135
QR(R)::(?! 4 1) AnR — Rﬂ'l_‘ zﬂ(ﬁ):—mj" 1ﬂR +B”,1 {13.5)
Here, replacing qy, i» by their expressions in (13, 4), we find after still another inte-
gration D,* . Dy*
a,(Ry=~-nC *R" 4 (4 VN, b (M) =C R+ — = (13.6)
where A R R
. 1 dR
Cy :Cn“xf“gn_g_j f("’*‘“x;a-wn}w
t
. R
D,*=D,+ 5,77 5 (P + nx,) R""2dR (3.7
1

The variables R and 0 are also separated in the linear boundary conditions (13, 2),
(13, 8) ; substituting the values found for a,, b, therein, we obtain a linear homogeneous
system of four equations for the constants A,. By, C,. D, Bifurcation values of g are
determined by the condition that its determinant vanishes,

The problem of bifurcation of the axisymmetric equilibrium mode of a hollow circu-
lar cylinder compressed uniformly by distributed external pressure [2] is considered ana-
logously.
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The problem of stress concentration around curved holes without angular points, and the
problem of an oscillating loading applied to the boundary of a half-plane are considered,
The purpose is to investigate those properties of their solutions which result form small~
ness of the parameter [, The system is reduced to one equation, and an asymptotic me-
thod in the version of Vishik and Liusternik {1] is applied to solve it, For the concentra-
tion problem it is shown that if the solution by customary theory is known, then the solu-
tion by couple-stress theory can easily be constructed in a first approximation, and that
couple-stress theory yields only an insignificant refinement, In the half-plane problem
it is shown that the correction to the corresponding classical problem will be essential
only in the case of rapid oscillaticn of the boundary conditions, i, e, when the state of
stress being studied is of edge character, Another version of the asymptotic analysis of
nonclassical problems of elasticity theory is given for fibrous media in [2].

1, In a Cartesian coordinate system the plane strain relationship in couple-stress ela-
sticity theory, as presented in [3], are:

93 ar at a3 o ap
x vx xU u x. v, _
<o+ Y =0, P T.—:O, ._6;-+W-'1-T*U—TIF—U (1.1)
+ v
& ="F [sx-—v(sx+:su)]. g, = E [su—v(sx—';-su)]
1 ~w 1 . 1
€y = TIE (Txy +tlﬂ)' e = 3617 P Xy, ™ 3GE By
__(?i - ﬁ 1 /ou adv
€x =9z ° &= oy’ Eey =7 W'{_a—:)
I_ ! oty Pu i Ry ‘0%u
=72\ ~ aroy )’ Xy =72 (a;ay - an)

Here oy, 6, Txy Tyx and Py By, are components of the force and moment stress ten-
SOIS &y, €, €xy and Xx» 7y are components of the strain and bending-torsion tensors ; u,
v the components of the displacement vector; £ the Young's modulus, G the shear
modulus ; v the Poisson coefficient; / the characteristic length of the material which
we shall henceforth consider small as compared with the minimum radius of curvature
of the hole,

Utilizing (1. 1), we obtain two equations in the displacements



